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Abstract. We consider a specific class of polynomial systems that arise
in parameter identifiability problems of models of ordinary differential
equations (ODE) and discover a method for speeding up the Gröbner
basis computation by using a weighted ordering. Our method explores
the structure of the ODE model to generate weight assignments for each
variable. We provide empirical results that show improvement across
different symbolic computing frameworks.
Keywords: F4 Algorithm, Weighted Monomial Ordering, Parameter
Identifiability, ODE Systems, Dynamical Systems

1

Introduction

Structural identifiability is a significant factor in designing high-quality mathematical models of real-world phenomena with ordinary differential equations
(ODEs). Local structural identifiability describes a scenario where a parameter
has finitely many values. At the same time, global structural identifiability corresponds to a unique parameter value. In this work, we present a solution to
computational challenges of computing Gröbner bases [3] for polynomial ideals
that arise from parameter identifiability problems. Gröbner bases, for instance,
form the foundation of global identifiability tool SIAN [13]. The computation
itself is well-known to be heavy, despite such algorithms as F4 [7] and F5 [8]. We
present an approach that uses additional domain-specific information about the
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polynomial ideals that arise in parameter identifiability problems to significantly
speed up the process.
Gröbner basis for a given polynomial system varies based on the order of
monomials. The most common ordering of monomials that is also empirically reliable in terms of computing time is the so-called total-degree-reverse-lexicographic
order, or tdeg in Maple notation. We can impose an additional layer on top of
the monomial ordering by adding weights to individual variables. In that case,
we first compare variables by the weight value multiplied by variable’s degree
exponent and then ties are broken according to, for example, tdeg. In Maple,
the most efficient version of F4 algorithm is the compiled C implementation.
This implementation does not support weighted ordering defined via Maple’s
wdeg function. To remedy this, we use the degree substitution method, wherein
assigning weight of w to x is equivalent to substituting a variable x with xw in
the polynomial system.
Consider the following motivating example showing benefits of weights in
general:
(
x21 x43 + x1 x2 x23 x25 + x1 x2 x3 x4 x5 x7 + x1 x2 x3 x4 x6 x8 +
P :=
(1)
+x1 x2 x24 x26 + x22 x44 , x62 , x61
Computing the Gröbner basis of this system with tdeg-order of x1 , x2 , x3 , x4 , x5 ,
x6 , x7 , x8 takes approximately 670 seconds of total CPU time and 26 seconds of
total elapsed time as computed in Maple 2021.1 on MacBook Pro with 16 GB of
RAM and 16-core M1 processor. Modifying the system by substituting x8 → x28
results in approximately 2 seconds of CPU time and only about 1 second of total
elapsed time.
Carefully chosen weights benefit the computation time. The main result in
this talk is the rule for assigning weights in parameter identifiability problems
based on the data from the input ODE models. Given a polynomial system
obtained by SIAN from an input ODE model, our rule produces a weight assignment to the variables based on available data from the original ODE that
improves the Gröbner basis computation.We will demonstrate experimental results showing decrease in runtime and memory use for Maple and Magma. This
accelerates solving parameter identifiability problem. After Gröbner basis computation, the weights are removed by backward substitution to perform the final
identifiability assessment.
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Related Work

Gröbner basis is the key part of SIAN [13]. Buchberger [3] presented the original
solution to finding the basis of polynomial systems. This method can be resource
heavy [17] and depends on many factors, for example, selection strategy for
polynomials [11]. The improvement of the algorithm itself came from the works
of Faugère with F4 [7] and later F5 [8] algorithms. The key idea of F4 was to take
advantage of mathematical tools from the realm of linear algebra. The work [1]
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addresses the termination and complexity properties of the F5 algorithm. For
an excellent taxonomy of F5-based approaches, we refer to [6].
The connection between weights and homogenization of ideals was studied
in [9, 10] and references therein. In the mentioned works, weights were used as
a homogenization tool since homogeneous ideals are a special case of inputs for
Gröbner basis algorithms. However, in the example 1, a weighted ordering breaks
homogenization, while still offering extraordinary benefits. Polynomial systems
produced by SIAN contain non-homogeneous polynomials in most cases by the
nature of the input data and we are able to generate weighted orders that lead
to runtime and memory reduction.
The problem of parameter identifiability itself has been of great interest to
the modeling and scientific computing community. Scientific Machine Learning
(SciML)6 recently included an implementation of the global identifiability tool
from [5]. The identifiability package SIAN [13], considered in this work, has been
recently applied in [4, 20, 21, 19]. The work [15] applies a web-based analyzer
package [14] which combines SIAN and results of [18].
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Main results

Let us begin by defining the identifiability software input representation.
Definition 1 (Model in the state-space form). A model in the state-space
form is a system

ẋ
= f (x, µ, u),

(2)
Σ :=
y
= g(x, µ, u),


∗
x(0) = x ,
where f = (f1 , . . . , fn ) and g = (g1 , . . . , gm ) with fi = fi (x, µ, u), gi =
gi (x, µ, u) are rational functions over the complex numbers C. The vector x =
(x1 , . . . , xn ) represents the time-dependent state variables and ẋ represents the
derivative.
The vectors u = (u1 , . . . , us ), y = (y1 , . . . , ym ), µ = (µ1 , . . . , µλ ), and x∗ =
∗
(x1 , . . . , x∗n ) represent the input variables, output variables, parameters, and
initial conditions, respectively.
Briefly, SIAN [13] checks identifiability of parameters in (2) as follows:
1. The original differential system (2) is transformed into a polynomial system in the functions’ derivatives by successive differentiation of the original
equations.
2. Random values are sampled for x∗ , µ, and the corresponding values of the
derivatives of yi ’s are being computed and plugged into the polynomial system.
6
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3. It is checked whether the sampled values x∗ , µ are the only possible solutions
of the specialized polynomial system. If yes, the corresponding parameter is
globally identifiable.
A Gröbner basis is computed at the last step, typically the bottleneck of the algorithm. Our goal is to find a weight assignment to each variable of the specialized
polynomial system to speed up the Gröbner basis computation.
Given a system (2), one can define the Lie derivative L(h) of a function
h ∈ C(x, µ, u, u′ , . . .) with respect to the system by
L(h) =

n
X
i=1

s

fi

X ∂h
∂h
+
.
u̇j
∂xi j=1 ∂uj

(3)

By applying this formula to each output function yi , we can define, for each
state variable or a parameter a ∈ {x, µ} a level as


Level(a) := min ∃ yj ∈ y : a appears in Li (yj ) .
i

(4)

Using that value, we assign weight as follows:
– for a state variable xi ∈ x (and all its derivatives)
Weight(xi ) := Level(xi ) + 1;
– for a parameter µi ∈ µ:
(
Level(µ) + 1, if Level(µi ) = max Level(e),
e∈µ∪x
Weight(µi ) :=
1, otherwise.
We apply the weights on top of the default variable ordering that has proven
itself to be empirically faster. We will consider several ODE models and provide
Gröbner basis results over a field of integers with positive prime characteristic
p = 11863279 as well as p = 0. Each example will be summarized by the following
metrics:
1.
2.
3.
4.

Number of polynomials and variables in the polynomial system.
Default (without weights) CPU time (min) and memory (GB).
CPU time (min) and memory (GB) with weights.
default order time
Speedup calculated as weighted
order time .

5. Memory improvement calculated as

default order memory
default order memory .
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(F4)”. In: Journal of Pure and Applied Algebra 139.1 (1999), pp. 61–88.
J.-C. Faugère. “A new efficient algorithm for computing Gröbner bases
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Experimental results

Model information
Time (min)
Memory (GB)
Model
num. num. alphabetical default weighted speedup alphabetical default default reduction
name
polys. vars.
order
order
order
order
order weighted
COVID Model 2,
[16, Ex. ID 37]
HPV,
[2]
COVID Model 1,
[16, Ex. ID 14]
Goodwin Oscillator
[12]
SEIR-1,
[16]

49

48

N/A

N/A

602.0

∞

N/A

N/A

23.2

∞

97

92

N/A

N/A

13.9

∞

N/A

N/A

3.7

∞

51

50

377.0

321.9

1.0

327.6

15.3

15.2

0.3

52.6

42

43

44.1

29.8

1.5

18.9

10.8

10.6

0.7

14.6

44

45

3.5

2.2

0.1

17.4

3.3

3.3

0.1

44.8

Table 1. Results of applying the weighted ordering to only Gröbner basis computation step of SIAN with positive characteristic p = 11863279 using Maple 2021.2.
“N/A” stands for the following error message returned by Maple: “Error, (in
Groebner:-F4:-GroebnerBasis) numeric exception: division by zero”

Model information
Time (min)
Memory (GB)
Model
num. num. alphabetical default default speedup alphabetical default default reduction
name
polys. vars.
order
order weighted
order
order weighted
COVID Model 2,
[16, Ex. ID 37]
HPV,
[2]
COVID Model 1,
[16, Ex. ID 14]
Goodwin Oscillator
[12]
SEIR-1,
[16]

49

48

4000.6

3471.2

517.4

6.7

38.6

36.4

21.6

1.7

97

92

321.7

126.6

51.5

2.4

21.4

9.8

18.6

0.5

51

50

1331.1

1272.1

0.6

2207.9

9.2

8.7

1.8

4.8

42

43

26.9

22.4

0.8

28.5

3.5

3.1

0.5

6.0

44

45

8.6

3.9

0.1

76.0

2.0

2.0

0.2

9.8

Table 2. Results of applying the weighted ordering to only Gröbner basis computation
step of SIAN with positive characteristic p = 11863279 in Magma 2.26-8.

