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Introduction

Throughout, a curve means a non-singular projective variety of dimension one.
Let K be a field of characteristic p > 0, and K its algebraic closure. We say that
a curve C of genus g over K is superspecial (resp. s.sp. for short) if its Jacobian
variety is isomorphic to a product of supersingular elliptic curves. For a given
pair (g, p), there are only finite Fp -isomorphism classes of s.sp. curves of genus
g over a finite field of characteristic p > 0, and the problem of enumerating the
isomorphism classes is known to be classically important but difficult in general.
For the field of definition, the most important case is Fp2 , since any s.sp. curve
over K is K-isomorphic to one over Fp2 , see the proof of [3, Theorem 1.1].
For g ≤ 3, the problem is solved for all p > 0, based on the theory of
principally polarized abelian varieties (cf. [7, Section 1] for a review of previous
studies). On the other hand, the problem for g ≥ 4 has not been solved in all
primes, but in recent years, Kudo-Harashita developed computational approaches
to enumerate genus-4 or genus-5 s.sp. curves [8], [9], [10], [11]. The idea of their
approaches is to reduce the enumeration into solving multivariate systems over
finite fields, and they constructed algorithms where each system is solved by the
Gröbner basis computation (precisely, the hybrid approach [1]). Executing the
algorithms over Magma, they also succeeded in enumerating s.sp. curves in real
time for several small p; for p ≤ 11 (resp. p ≤ 19) in the genus-4 non-hyperelliptic
(resp. hyperelliptic) case [8], [10] (resp. [9]), and for p ≤ 13 in the genus-5 trigonal
case [11]. While Kudo-Harashita’s algorithms are applicable to arbitrary p, their
complexities have been estimated neither in theory nor in practice; no reason
why any computational result for p larger than the above bound has not been
obtained is explicitly stated in each of their papers.
The aim of this talk is to investigate the computational difficulty of enumerating s.sp. curves for g = 4 and 5. Specifically, we mainly survey KudoHarashita’s computational approaches, and complement them with complexity
analysis. Based on our complexity analysis, we implemented optimized algorithms over Magma, by which we obtain new computational results in p = 13
and 17 for g = 4. A practical limit of the enumeration will be also discussed.
⋆
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Kudo-Harashita’s computational approaches

In this section, we briefly review Kudo-Harashota’s computational approaches
to enumerate s.sp. curves. For reasons of spaces, this extended abstract focuses
on the genus-4 non-hyperelliptic case [8], [10]. Let p, K and K be as in Section 1.
We choose a non-square element ϵ ∈ K × , and fix it until the end of this extended
abstract. It is well-known (cf. [6]) that every non-hyperelliptic curve C of genus 4
over K is isomorphic to the complete intersection of quadratic and cubic surfaces
in the projective 3-space P3 = Proj(K[x, y, z, w]), say C = V (Q, P ), where Q
and P are irreducible quadratic and cubic forms in K[x, y, z, w] respectively.
The following proposition is useful to test the superspeciality of C:
Proposition 1 ([8, Corollary 3.1.6]). With notation as above, C = V (Q, P )
′
′
′
′
is superspecial if and only if all the coefficients of xpi−i y pj−j z pk−k wpℓ−ℓ in
p−1
′
′
′
′
(QP )
are equal to 0, where i, j, k, ℓ, i , j , k and ℓ are positive integers
with i + j + k + ℓ = i′ + j ′ + k ′ + ℓ′ = 5.
It is also shown in [8] and [10] that defining equations Q and P can be
simplified as follows: First, we may assume that any coefficient of Q and P
belongs to the base field K, see [8, Section 2.1]. Next, Q is assumed to be either
of the following forms: (N1) Q = 2xw + 2yz, (N2) Q = 2xw + y 2 − ϵz 2 , and
(D) Q = 2yw + z 2 , where “N” and “D” stand for non-degenerate and degenerate
respectively. The number of unknown coefficients in P can be reduced to be
almost 10 (which is close to the whole moduli dimension 9), by considering the
action of elements in the (similitude) orthogonal group of Q. For reason of spaces,
we here state the case (N2) only (see [10, Lemmas 3.4.1 and 3.6.1] for the other
cases).
Proposition 2 ([10, Lemma 3.5.1]). For Q = 2xw + y 2 − ϵz 2 , every nonhyperelliptic curve C of genus 4 over K is K-isomorphic to V (Q, P ), where
P =(a1 y + a2 z)x2 + a3 (y 2 − ϵz 2 )x + b1 y(y 2 − ϵz 2 ) + a4 y(y 2 + 3ϵz 2 )
+ a5 z(3y 2 + ϵz 2 ) + (a6 y 2 + a7 yz + b2 z 2 )w + (a8 y + a9 z)w2 + a10 w3 ,

(1)

where ai ∈ K with (a1 , a2 ) ̸= (0, 0), and where b1 , b2 ∈ {0, 1}.
Based on Propositions 1 and 2, Kudo-Harashita [8], [10] gave algorithms to
enumerate s.sp. C. We here write down a sketch of the algorithms:
Proposition 3. For the input q, a set of the following procedures computes
complete representatives of isomorphism classes of s.sp. C over Fq :
1. For each of the three types ((N1), (N2) and (D)) of Q:
(a) Collect cubic forms P ∈ Fq [x, y, z, w] as in Proposition 2 such that the
16 coefficients in (QP )p−1 given in Proposition 1 are all zero.
(b) For each P collected in (a), test whether V (Q, P ) is non-singular or not.
If V (Q, P ) is non-singular, store C = V (Q, P ).
2. Compute the isomorphism classes of s.sp. curves C collected in Step 1, and
return them.

Title Suppressed Due to Excessive Length
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Step 1(a) solves the multivariate system “the 16 coefficients in Proposition
1 are zero” with respect to the variables a1 , . . . , a10 for each of possible (b1 , b2 ),
where “solve over Fq ” means to compute exactly all the roots (a1 , . . . , a10 ) ∈ F10
q
of the system. Note that we also add field equations aqi − ai for 1 ≤ i ≤ 10 to
each system to make it zero-dimensional, and thus the number of equations is
16 + 10 = 26 in total. To solve each system efficiently, one applies the hybrid
approach [1], which mixes exhaustive search with the Gröbner basis computation.
More specifically, the hybrid approach first fixes the values of k among the whole
n = 10 variables (e.g., a1 , . . . , ak ), and then solves the remaining system with
the n − k variables ak+1 , . . . , an by a Gröbner basis algorithm such as F5 [4]
together with the FGLM basis conversion [5]. Step 2 is also done with the the
Gröbner basis computation, see [10, Section 4] for details. (The complexity of
Step 1 would be dominant, and thus we omit details of Step 2 in this extended
abstract.)
Implementing the algorithm over Magma, Kudo-Harashita succeeded in enumerating s.sp. curves of genus 4 over Fq for q = 5, 52 , 7, 72 , 72 , 11. In particular,
there is no s.sp. curve in characteristic p = 7 [8, Theorem B]. However, the complexity has not been determined yet; it might be exponential with respect to p
since the maximum total-degree d of equations in each system is q = p or p2 .
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Our analysis and new computational results

This section complements Kudo-Harashita’s approaches with complexity analysis, and reports some new computational results in the enumeration of s.sp.
curves with our optimized implementations. In particular, we estimate the complexity of Step 1 of the algorithm in Proposition 3, by which optimal choices of
the parameter k of the hybrid approach adopted in Step 1 are also estimated.
For simplicity, we fix Q and (b1 , b2 ) in Proposition 3. We denote by F ∈
Fq [a1 , . . . , a10 ]26 the system of 26 polynomials (including field equations aqi − ai )
to be solved in Step 1(a). For a zero-dimensional multivariate system H, we
denote by slv.deg(H) its solving degree [2, Section 3], which means the minimum
d such that the row reduction of the Macaulay matrix M≤d of H produces a
(max)
Gröbner basis with respect to a graded reverse lexicographic order. Let dk
denote maxFk (slv.deg(Fk )), and where Fk runs through the set of polynomials
obtained by substituting values in Fq to k variables in elements of F.
Proposition 4. With notation as above, the complexity of Step 1 of the algorithm in Proposition 3 is (roughly) upper-bounded by O(mink Tk,q ) with
!

 
(max) ω
10 − k + dk
10 + q
k
Tk,q := q 26
+
,
(max)
q
dk
where ω is the exponent for matrix multiplication with 2 < ω < 2.38.
(max)

We can also prove dk
≤ (10 − k)(q − 1) + 1. With this bound, we can obtain
several numerical examples of mink Tk,q with k, see Table 1.
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Table 1. Comparison of the number k of fixed variables in Step 1 of the algorithm in
Proposition 3 for several small q. For each q, we denote by kKH the number chosen in [8]
(max)
and [10], and by kopt the value of k minimizing Tk,q , assuming dk
= (10−k)(q−1)+1.
q
kKH
kopt
mink Tkopt ,q

5
2 or 3
8
(bits) 35.1

7
3
8
41.6

11 13 17 19 23
5
8
8
8
8
8
50.9 54.5 60.4 63.0 67.4

Based on our complexity analysis, we re-implemented Kudo-Harashita’s enumeration algorithm in Proposition 3 with optimal choices of the parameter k
in the hybrid approach. Executing the optimized implementation on Magma
V2.26-10 on a PC with 2.10GHz Intel(R) Xeon(R) Gold 6130 CPU, we obtain
the following new computational results:
Theorem 1. For q = 13 and 17, the number of cubic forms P in each case such
that V (Q, P ) is superspecial is summarized in a table at [12], where the time for
executing our implementation is also shown.
We are now executing the isomorphism classification on obtained s.sp. curves.
In our talk at the conference, we will also report results by the isomorphism
classification, and will determine its complexity. A shape bound on dmax
and
k
discussion for the case g = 5 will also be presented.
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