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Introduction

Throughout, all the complexities are measured by the number of arithmetic
operations in Fp2 for a prime p, unless otherwise noted. Soft-O notation omits
logarithmic factors. A curve means a non-singular projective variety of dimension
one. Let K be a field of characteristic p > 0, and K its algebraic closure. A curve
C of genus g over K is said to be superspecial (s.sp. for short) if its Jacobian
variety is isomorphic to a product of supersingular elliptic curves. S.sp. curves
are of course important objects in theory, but also in practical applications such
as cryptography using algebraic curves, see e.g., [1], where s.sp. genus-2 curves
are used. Given a pair (g, p), only finite s.sp. curves of genus g over Fp exist, and
the problem of finding or enumerating them is known to be classically important.
For the field of definition, the most important case is Fp2 , since any s.sp. curve
over K is K-isomorphic to one over Fp2 , see the proof of [4, Theorem 1.1].
For g ≤ 3, the problem is solved for all p > 0, based on the theory of
principally polarized abelian varieties. Specifically, for g = 1 (resp. 2 and 3),
Deuring [2] (resp. Ibukiyama-Katsura-Oort [8, Theorem 2.10]) showed that the
number of Fp -isomorphism classes of s.sp. curves is determined by computing
the class numbers of a quaternion algebra (resp. quaternion hermitian lattices).
These class numbers were computed in [3] (resp. [7], [6]) for g = 1 (resp. 2, 3).
On the other hand, the problem for g ≥ 4 has not been solved in all primes,
but in recent years, Kudo-Harashita developed several algorithms to count genus4 or 5 s.sp. curves [9], [10], [11]. In particular, an algorithm for enumerating
s.sp. hyperelliptic curves of genus 4 was proposed in [10] at WAIFI2018, but is
practical only for small p (in fact p ≤ 19), due to the cost of solving multivariate
systems (cf. Section 2). Cf. In non-hyperelliptic case, Kudo-Harashita-Howe [12]
presented an algorithm at ANTS-XIV, specific to finding s.sp. curves of genus 4
with complexity Õ(p4 ) (arithmetic operations in Fp4 ).
This paper proposes a more efficient algorithm than [10] to produce s.sp.
hyperelliptic curves of genus 4, restricting ourselves to a certain parametric
family of curves. The complexity is proved to be Õ(p3 ). By executing the algorithm over Magma, we also prove the existence of such a curve for every p
with 17 ≤ p < 1000 and p ≡ 2 mod 3.
⋆
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Preliminaries

This section reviews general facts on hyperelliptic curves, and Kudo-Harashita’s
enumeration [10] of s.sp. hyperelliptic curves of genus 4.
A hyperelliptic curve H of genus g over a field K of characteristic p > 2
is realized as the desingularization of the projective closure of the affine plane
curve y 2 = f (x), where f (x) ∈ K[x] is a separable polynomial of degree 2g + 1
or 2g + 2. As for the form of f (x), we have the following lemma:
Lemma 1 ([10, Lemma 2]). Assume that p and 2g + 2 are coprime, and let
ϵ ∈ K × ∖ (K × )2 . Any hyperelliptic curve H of genus g over K is isomorphic to
the desingularization of the projective closure of
cy 2 = x2g+2 + bx2g + a2g−1 x2g−1 + · · · + a1 x + a0 ,

(2.1)

where ai ∈ K for 0 ≤ i ≤ 2g − 1, and where b = 0, 1, ϵ and c = 1, ϵ.
The following lemma gives a criterion to test whether two hyperelliptic curves
over K are K-isomorphic to each other, or not:
Lemma 2 ([10, Lemma 1]). Let H1 : c1 y 2 = f1 (x) and H2 : c2 y 2 = f2 (x)
be hyperelliptic curves over K, where ci y 2 
= fi (x)
 is of the form (2.1). For any
αβ
K-isomorphism σ : H1 → H2 , there exist
∈ GL2 (K) and λ ∈ K × such
γ δ


that σ(x, y) =

λy
αx+β
γx+δ , (γx+δ)g+1

for all (x, y) on c1 y 2 = f1 (x).

As for the superspeciality, it is known that a curve C is s.sp. if and only if the
1
Cartier operator on the space H 0 (C, ΩC
) of regular differential forms on C acts
as zero. A matrix representing the operator with respect to a suitable basis is
called the Cartier-Manin matrix, and in the case where C is hyperelliptic, there
is a well-known explicit formula to compute it:
Lemma 3 (cf. [14, Section 2]). With notation as above, the Cartier-Manin
matrix of H is the g × g matrix whose (i, j)-entry is the coefficient of xpi−j in
f (p−1)/2 for 1 ≤ i, j ≤ g. Hence, H is s.sp. if and only if the coefficients of xpi−j
in f (p−1)/2 are equal to 0 for all pairs of integers 1 ≤ i, j ≤ g.
Based on Lemmas 1 – 3, an algorithm for enumerating s.sp. hyperelliptic
curves over K = Fq with q = p or p2 was proposed by Kudo-Harashita [10],
and it consists of the following two steps: In the first step, regarding unknown
coefficients in (2.1) as variables, construct a multivariate system “the CartierManin matrix is zero” (with 2g variables), and solve it over Fq with the Gröbner basis computation. The second step classifies the collected curves corresponding to the solutions to the system into isomorphism classes, by Lemma
2. Kudo-Harashita executed the algorithm over Magma for g = 4 with q =
11, 112 , 13, 132 , 17, 172 , 19. However, the complexity has not been determined,
due to the use of the Gröbner basis computation. In fact, it might be exponential with respect to p, since the multivariate system to be solved in the first step
has the maximal total-degree (p − 1)/2. Moreover, the second step might also be
costly, due to the growth of the number of solutions found in the first step.
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Main results

We shall construct an algorithm specific to producing s.sp. hyperelliptic curves
of genus 4, which is practical for p extremely larger than some number mentioned
in [10]. For this, we focus on a family of hyperelliptic curves of genus 4 given by
Ha,b : y 2 = fa,b (x) := x10 + x7 + ax4 + bx,

(3.1)

where a, b ∈ Fp2 . This kind of a curve appears as a s.sp. curve over F172 enumerated in [10], and it tends to be s.sp. from our preliminary computation; by
exhaustive search for (a, b), we confirmed that there exists (resp. does not exist)
(a, b) such that Ha,b is s.sp. for any 17 ≤ p < 100 with p ≡ 2 mod 3 (resp.
p ≡ 1 mod 3). The main results are summarized in Theorems 1 and 2 below.
Theorem 1. Main Algorithm below can enumerate s.sp. hyperelliptic curves of
the form (3.1) in time Õ(p3 ).
Main Algorithm (sketch). For a prime p as the input, conduct the following:
1. Regarding a, b as variables, compute the Cartier-Manin matrix Ma,b of Ha,b .
2. Collect all (a, b) such that Ha,b is a s.sp. hyperelliptic curve, as follows:
2-1. Compute the solutions (a0 , b0 ) ∈ Fp2 to Ma,b = 0.
2-2. For each solution (a0 , b0 ), check if the equation (3.1) for (a, b) = (a0 , b0 )
′
defines a hyperelliptic curve, by computing gcd(fa,b , fa,b
).
3. Classify the Ha,b ’s collected in Step 2 into isomorphism classes, based on
Lemma 2. Return the isomorphism classes.
The correctness follows from Lemmas 2 and 3. The complexity of Step 2 is
estimated as that of computing resultants, say Õ(p3 ) [13]. The complexities of
Steps 1 and 3 are estimated by Lemmas 4 and 5 below: Lemma 4 is proved by
reducing the computation of 16 specific coefficients in f (p−1)/2 into that of linear
recurrences on coefficients of the powers of f described in [5]. Lemma 5 is proved
by investigating a multivariate system in α, β, γ, δ, λ constructed by σ in Lemma
2, and it is also applicable to arbitrary hyperelliptic curves.
Lemma 4. The Cartier-Manin matrix Ma,b in Step 1 is computed in time O(p3 ).
Lemma 5. Fix the genus g. Then testing if two hyperellliptic curves of genus g
over Fp2 are Fp -isomorphic or not is done in constant time with respect to p.
We implemented the algorithm on Magma V2.26-10 on a PC with macOS
Monterey 12.0.1, at 2.6 GHz CPU 6 Core (Intel Core i7) and 16GB memory (cf.
[15] for the source codes). Executing the implemented algorithm, we obtain:
Theorem 2. For every prime 17 ≤ p < 1000, the number of Fp -isomorphism
classes of s.sp. Ha,b ’s are summarized in a table at [15]. In particular, for each
17 ≤ p < 1000 with p ≡ 2 mod 3 (resp. p ≡ 1 mod 3), there exists (resp. does
not exist) (a, b) ∈ Fp2 such that Ha,b is a s.sp. hyperelliptic curve.
We can easily increase the upper bound on p in Theorem 2. For example,
on the PC described above, computing all the s.sp. Ha,b ’s took 230,719 seconds
(about 64 hours), and finding a single example of a s.sp. Ha,b took only 98
seconds, for every p between 17 and 1000 .
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Concluding remarks

We realized an algorithm with complexity Õ(p3 ) specific to producing s.sp. hyperelliptic curves of genus 4, restricting to a family of Ha,b as in (3.1). Our
algorithm cannot enumerate all s.sp. hyperelliptic curves of genus 4 different
from the algorithm in [10] at WAIFI2018, but it is expected from Theorem 2 to
surely find such a curve for arbitrary p ≥ 17 with p ≡ 2 mod 3. By executing the
algorithm over Magma, we succeeded in enumerating s.sp. hyperelliptic curves
Ha,b for every p between 17 to 1000, which is drastically larger than p = 17, 19
as in the enumeration of [10]. A future work is to construct an algorithm for
finding s.sp. hyperelliptic curves of genus 4 in the case where p ≡ 1 mod 3, with
complexity lower than the algorithm of [10].
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