The GPGCD Algorithm with the Bézout Matrix
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Based on the Greatest Common Divisor (GCD) computation, computing approximate GCD is one of the oldest studied areas in symbolic-numeric computation. We propose a new algorithm for computing approximate GCD of univariate
polynomials with real coefficients [2] in a series of GPGCD algorithms ([1], [6],
[7], [8]) we have studied.
For polynomial F (x) = fm xm + · · · + f0 x0 ∈ R[x], the norm kF k denotes the
1
2
2
2-norm defined as kF k2 := (fm
+ fm−1
+ · · · + f02 ) 2 . For a vector (a1 , . . . , an ) ∈
n
R , the norm k(a1 , . . . , an )k denotes the 2-norm defined as k(a1 , . . . , an )k2 :=
1
(a21 + · · · + a2n ) 2 .
Definition 1 (Approximate GCD). For polynomials
Fi (x) = fim xm + · · · + fi0 x0 ∈ R[x],

i = 1, . . . , n,

f1m 6= 0,

(1)

which are relatively prime in general, a positive integer d, and a real number
 > 0, if there exist polynomials F̃1 (x), . . . , F̃n (x) such that F̃1 (x), . . . , F̃n (x)
have the GCD H̃ of degree d, and (kF1 − F̃1 k, . . . , kFn − F̃n k) ≤ , we call H̃
an approximate GCD of polynomials F1 (x), . . . , Fn (x) with tolerance .
Algorithms for computing approximate GCD are classified into two categories: 1) for a given tolerance of (kF1 − F̃1 k, . . . , kFn − F̃n k) , make the degree
of approximate GCD as large as possible, and 2) for a given degree d, minimize
the magnitude (kF1 − F̃1 k, . . . , kFn − F̃n k) .
In both categories, algorithms based on various methods have been proposed,
including the Euclidean algorithm, low-rank approximation of the Sylvester matrix or subresultant matrices, Padé approximation, and optimizations (for references, see those in our previous paper [1] and a recent paper [4]).
We have proposed a series of algorithms called “GPGCD algorithm” based
on optimizations ([1], [6], [7], [8]). Our methods focus on the second category of
the approximate GCD algorithms, solving the following problem.
Problem 1 (The approximate GCD problem for multiple polynomials). Let
F1 (x), . . . , Fn (x) be univariate polynomials as shown in (1). For a given integer d with m > d > 0, find polynomials F̃1 (x), . . . , F̃n (x) with making the
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perturbation
v
u n
uX
t
kFi (x) − F̃i (x)k2

(2)

i=1

as small as possible, such that there exists the exact GCD H̃(x) of polynomials
F̃1 (x), . . . , F̃n (x) satisfying
F̃i (x) = f˜im xm + · · · + f˜i0 x0 = F̄i (x) × H̃(x),

(3)

where H̃(x) is a polynomial of degree d and F̄1 (x), . . . , F̄n (x) are relatively prime
polynomials.
Our original GPGCD algorithms ([6], [7], [8]) use the Sylvester (or subresultant) matrices. Then, like other algorithms for computing GCD or approximate
GCD using the Bézout matrix ([3], [5]), we have proposed a GPGCD algorithm
using the Bézout matrix for two polynomials with real coefficients [1]. It aims
to make the algorithm more efficient by taking advantage of the fact that the
size of the Bézout matrix is smaller than that of the Sylvester matrix for the
same inputs. Now, in the complete version of this paper [2], we give an extension
for our algorithm using the Bézout matrix, which can accept more than two
polynomials with real coefficients as inputs.
The proposed algorithm is shown as follows (see the definitions and details
of the notations in the complete version of this paper [2]).
Algorithm 1 (The GPGCD algorithm for multiple polynomials with
the Bézout matrix).
Inputs:
- F1 (x), . . . , Fn (x) ∈ R(x): the given polynomials with max(deg(Fi (x)), i =
1 . . . n) = deg(F1 (x)) > 0,
- d ∈ N: the given degree of approximate GCD with d ≤ min(deg(Fi (x)), i =
1 . . . n),
-  > 0: the stop criterion with the modified Newton method,
- 0 < α ≤ 1: the step width with the modified Newton method.
Outputs:
- H̃(x): the approximate GCD, with deg(H̃) = d,
- F̃1 (x), . . . F̃n (x): the polynomials which are close to F1 (x), . . . , Fn (x), respectively, with the GCD H̃.
Step 1 Calculate the Bézout matrix B = Bez(F1 (x) . . . Fn (x)), the initial values
y0 , and the Jacobian matrix.
Step 2 Set the initial values (s0 , y0 ).
Step 3 Solve the linear system to find the search direction dk .
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Step 4 If kdk k < , obtain the (s∗ , y ∗ ) as (sk , yk ), calculate the Bézout matrix
B̃ = Bez(F̃1 (x), . . . , F̃n (x)) from polynomials F̃i (x), i = 1, . . . , n, then
go to Step 5. Otherwise, let (sk+1 , yk+1 ) = (sk , yk ) + αdk and calculate
the Bézout matrix and the Jacobian matrix with (sk+1 , yk+1 ), then go
to Step 3.
Step 5 Calculate the approximate GCD H̃(x) with the Barnett’s theorem. Calculate the approximate polynomials F̃i (x), i = 1, . . . , n. Return F̃i (x), i =
1, . . . , n and H̃(x).
We have implemented the proposed algorithm on the computer algebra system Maple 2021 and have executed experiments with the proposed algorithm
and the original GPGCD algorithm for multiple polynomials [7] (abbreviated as
mGPGCD-Syl algorithm) and the SNTLS-based algorithm [5]. We have generated 5 test groups of test polynomials, each group comprising 100 tests. We set
the degree of the input polynomials for all groups to 10 and the degree of the
approximate GCD to 3, 4, 5, 6, 7, respectively.
The experimental results are shown as follows. Table 1 shows the number of
test polynomials for which approximate GCD has not been computed in each
algorithm. Cases in which the computation failed are those in which the calculation time exceeded approximately 2 hours, or the built-in function of Maple was
determined not to converge for some reason. The result shows higher stability of
the GPGCD algorithms. Table 2 shows the average computing time of each algorithm. The average computing time of the proposed algorithm is approximately
from 1/10 to 1/8 of that of the mGPGCD-Syl algorithm and is approximately
from 1/18 to 1/8 of that of the SNTLS-based algorithm. This shows the efficiency of the proposed algorithm. Table 3 shows the average of the norm of
perturbation in each algorithm. The average of the norm of perturbation in the
proposed algorithm is from 1 to 3 times of that of the mGPGCD-Syl algorithm
and is sufficiently smaller than that of the SNTLS-based algorithm.
Table 1. Numbers of cases of test polynomials with no outputs for each group
Numbers of cases of test polynomials with no outputs for each group
Group mGPGCD-Bézout mGPGCD-Sylvester
SNTLS-based
1
0
0
13
2
0
0
35
3
0
0
19
4
0
0
37
5
1
0
34
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Table 2. Comparison of the average computing time
Average computing time (sec.)
Group mGPGCD-Bézout mGPGCD-Sylvester SNTLS-based
1
21.02
185.81
379.86
2
21.81
179.95
194.02
3
15.71
124.89
156.03
4
13.26
105.22
106.07
5
8.806
91.706
105.89
Table 3. Comparison of the average of the norm of perturbation
Average of the norm of perturbation
Group mGPGCD-Bézout mGPGCD-Sylvester SNTLS-based
1
7.957
4.663
3.337 × 1010
2
8.913
9.143
8.309 × 107
3
6.731
5.534
2.090 × 109
4
6.144
2.141
7.933 × 1010
5
3.534
2.305
1.964 × 1016
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